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Introduction

In this Note we investigate the stability of a;nonconservative»

nonautonomous‘System, a_cantilevefed column subjected at its free ehd
to a compressive follower force which varies with time. Viscous damping
is assumed to be present. With the use of a Liapunov type of approach,
~ conditions are obtained which guarantee asymptotic stability or almost
sure asymptotic stability of the column.

- Consider a linear elasﬁic column, built-in at one end and free
at the other. In nondimensional terms, the equation of motion for the
lateral displacement w(x,t) is ésshmed to be

2 =
W,xxxx + P(t)w,xx + gw’t + W 0 (1)

,tt

Whéré 0<x<1l,tz0, and a comma denotes partial differentiation.

The . x aiis'liés‘aloﬁg'the undisturbed straight column, with x =0

at the built-in end and x =1 at the fre¢ end. & (>0) is the damp-
ing coefficient. The compressivé_forcei f(t) is applied at the free end
and remains tangent to the column during motion. We assume p(t) is con-

tinuous for t > 0. The boundary conditions are

W0,) =W (0,8) = w (Lt) =w _ (L,t) =0 (tz0) (2)

§ XHX

and the initiai conditions are gilven by

W(5,0) = (%), w4 (5,0) = Vo). (3)



Stability Analysis 1

It is assumed that p(t) is strictly stationary and satisfies
an ergodic property which insures the equality of time averages and en-

semble averages. Then

(| p()]} = im &[5 p(7)|ar (%)

t =

" exists with probability one [l]ol

" Consider the functional

: 2 2 22

V(w,v) = fé[w o FV Ot 2tvw + ct w Jdx (5)
’ . .
2
where W = (w ), v=mw and
3 XX § XX ,t
g cn 2
( 1 if 0<tsT/2

c (6)

—f:'(8§2—Trh)/LP§2 if g>7r2/2

Note that V =0 if w =v = 0, with V >0 otherwise. The total
time derivative of V along solutions of (1) and (2) can be written in

the form

. l 2 .
V(w,v,t) = _2f0{gw,xx-+ §v2 + (2-c)§2vw + p(t)w o (VHEW) Jdx (7
. J

" with the use of integration by parts.

For w and v not both zero consider the ratio ﬁ/V,'which

lNumbers in brackets designate References at end of Note.



we write as.

T/V = -A-r(t)
where
> 2,1
+v o+ (2-c)tvwldx, 1 = VJO(Y + gw)w;xxdxa

26,1 2
A= V_JO[W,XX

Then

/v s - : REOIR

Using the calculus of variations we can show that A 2 Xm where

.zg(vg-gfé)/n? if 0<Egs #2/2

My = 1/2

m ol oep(8Party 212 ir e >ut/R

and from the inequality
1 . _ L2 (2
!fOE(v+§w)v’Xdel < [O[w;xx + (v+&w) Jax = V(w,v)

it follows that |y S 1. Therefore

Vs | (t)] -

(8)

(9)

(10)

(11)

(12)

(13)



.Integrating this expression between O and +© yields
C 1.t ' -
v(t) s v(o)exp(t[-A + £/ | p(T)|aT]} (14)

 where v(t) = V[w(x,t), v(x,t)] and V(0) = V[Wé(x), vo(x)]g

Now assume that
B{|p(t)|} = 3¢ (15)

for some constant € >0, as small as desired. Since V(t) 2 0 it

then follows from (4).and (14) that, with probability one, V(t) -0
2

[}

as t o w dx — 0, and ﬁ%%x%o

: 12 1
, and therefore also IO“,XXQX -0, fow

as t —w. We conclude that (15) is a sufficient condition for almost
. 5
sure asymptotic stability in the large [2] .
The boundary of the stability region defined by (15) is depicted

by the solid line in Fig. 1.

2To be explicit we should define the stability in terms of a norm; for

, T
example, we could use the norm p(w,v) = [fg(wfxx + vz)dx]l/g°



. Stability Analysis II

In this section we obtain stability criteria in terms of

max | p(t)] -
tz0
From (13) one can show that

v(t) = V(o)e‘gJG (16)
if
max |p(t)| = A € (17)
tz20

]

for some &€ > 0. Therefore (17) is a sufficient condition for asymptotic
stability of the column (see Fig. 1).

For & > 4.66 a stronger condition than (17) can be obtained
by the use of a different technigue. Consider the functional V as in
. (5), except let ¢ = 2(1-6)- where 0 < & < 1/2. We can write V in

the form
V(w,v,t) = -28V(w,v) - 2W(w,v,t) (18)
where
W(w,v,t) = [g[g(l_a).(wfxx . vg-eg?swg) +'gp(t)ww,'xx s p(t)ve  Jdxe (19)

We now seek conditions on p(t) wunder which W 2 0.

The calculus of variations can be used to show that



I
12 T 12
ﬁfOWQXxQx z o IOW'dx (20)

where w satisfies (2). We then can write

= (He(1-8)[ (1-a)w  +v° " 262 8) = % % 21
W2 (1) P a2t o sy sp(t)re Jax (2)

where O < < 1. The integrand in (21) has the form

2

(aw 2
- ’XX

2 2
+bw v +cv ) + (Aw +Bw _w+ Cw ),
5 XX § XX , XX

2
which will be non-negative if a 20, A 20, b = Lac, and B2,§ hac.

)

If the optimum values of «, A/a, and & are chosen, it can be shown

that these conditions are satisfied if

max | p(t)| = 2g(j§g§:;” - al3e) /r® (22)

tz0

for some € >0. It then follows that W = 0, V £ -2t&V, and

V(t) = v(0)e 250t

(&
A

(23)

TherEforé V(t) -0 as t — =, and we conclude that (22) is a sufficient’
condition for asymptotic stability in the large.

The bouﬁéary'of the stability'region defined by (22) is depicted
-by the dashed line in Fig. 1. For é > 4,66 condition (22) is stronger

than (17).



‘Concluding Remarks

It is of interest to compare conditions (15), (17); and (22)
to the stability condition for the case of a constant follower force.
If p(t) = P, = constant and & = 0, Beck_[ﬁ] showed that the column

is stable if and only if
2
P, < 2.0087 . (24)

For & >0 -(2L4) is a sufficient condition for asymptotic stability
[h]; it is also a necessary condition if £ 1is small enough.

In conclusion, we point out that the stability regions derived
he;e and shown in Fig. 1 surely comprise only a part of the total stab-
ility £egion. However it is believed that these results represent the
first stability criteria obtained for a cantilevered column subjected

to a time-dependent follower force.
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Fig. 1 . Stability Conditions
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